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STEPHEN D. THERIAULT 

Abstract. Cohen conjectured that for r > 2 there is a space T2"+1{2'') and a homotopy fibration 

sequence O^^an+l 52n-i ^ 'p2n+i(-2r) , ^5^"+^ with the property that the composition 

Q2^2n+i Vr^ S^n-i JL^ Q2^2n+i jg homotopic to the 2''-power map. We positively resolve this 
conjecture when r > 3. Several preliminary results are also proved which arc of interest in their 
own right. 



1. Introduction 

Let p be a prime and r a non-negative integer. Localize spaces and maps at p. Let E'^ : S'^"~^ — > 
^2g2n+i ^Yie double suspension. When p > b and r > 1, Anick A proved the existence of a 
space r^"+^(p'') and a homotopy fibration sequence 

with the property that o ip^ is homotopic to the p''-power map on fPS^^'^^. The proof of this 
was long and complex. A much simpler proof was given in [GT| for p > 3 and r > 1 by using 
a new method for constructing certain extensions. A variation of this method was used in [T] to 
reproduce Cohen, Moore, and Neisendorfer's result |CMN1[[CMN2| that p" annihilates the p-torsion 
in 7r,(5^"+^) when p is odd. 

The new method raised the possibility of producing 2-primary Anick fibrations. Such fibrations 
were conjectured to exist by Cohen if r > 2. When r = I the fibrations cannot exist for reasons 
related to the non-existence of elements of Hopf invariant one. In this paper, we positively resolve 
Cohen's conjecture when r > 3. The approach is a modification of that in [T]. Specifically, we prove 
the following. 

Theorem 1.1. Let r > 3. There is a space X'2n+i^2'") and a homotopy fibration sequence 

with the property that the composition 51^5'^"+^ S^"^^ fi^S^"^^ is homotopic to the 2"^- 
power map. 
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The r — 2 case remains open; it falls outside the present approach because we proceed in two 
steps, each of which involves introducing an extra power of 2 to annihilate certain obstructions. 

In order to apply the approach in [T], two preliminary results need to be proved, each of which is 
somewhat involved. The first is given in Theorem ll.21 to state it requires requires several definitions. 
The Si/P-sequence is a homotopy fibration sequence r225'2«+i _^ gn ^ rJ52"+i 

where H is the second James-Hopf invariant, E is the suspension, and P is the connecting map for 
the fibration. This fibration forms the basis for the P-spcctral sequence which calculates the 
homotopy groups of spheres. Let 2 : S"^^^^ — > 5'-^"+^ be the map of degree 2, and let 2 : 175'^"+^ — > 
j-^^2n+i |-|g second-power map. Let ilS'^"+^{2} be the homotopy fiber of the second-power map, 
and let D^n+i ^t^^ homotopy fiber of the difference ri2 — 2. In [Cl §4] it is shown that the map 



j^25.4n+i j^j^g Qj.^gj. 2^ implying that VLB lifts to a map S : fl^S^''+^ — > n^S^''+^{2}. 
The same argument in P §4] shows that the composite n^S^"" O^S"*"-! ^^^^ n^S'^''-^ is 

null homotopic, implying that in this case flH lifts to a map S' : il^S"^" — > ilD*"^^. We prove the 
following. 



Theorem 1.2. There are choices of the lifts S and S' for which there are homotopy commutative 
diagrams 



h QE-' 



QE 
^2^2„+l 



h QE^ 



^2_5.4„+l|2} 



ilE 



s' 



where the maps labelled h are Hopf invariants in the sense that there in each case there is a homotopy 
fibration S" nS"+^ nS^"+^. 



Taking homotopy fibers vertically in the two diagrams in Theorem 11.21 we obtain the following 



Corollary 1.3. There are homotopy commutative diagrams 



h nE^ 



h CIE^ 



□ 



Corollarv ll.31 was proved by Richter [R], who also showed that the map h could be taken to be 
the second James-Hopf invariant H. Theorem 11.21 can therefore be viewed as showing that there is 
an advantageous choice of the lift S which lets us "deloop" Richter's result. 

An earlier version of the left diagram in Corollary 11.31 was proved by Selick [Sl which involved a 
factorization of the 2"'^-power map on 51"' 5"^"+^ through fl'^E'^. This was used to show that 2^"+*^ 
annihilates the 2-torsion in vr, (5^"+^^), where e = if n is even and e = 1 if n is odd. This is the 
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best known upper bound on the 2-priniary honiotopy exponent of spheres. The right diagram in 
CoroUarv ll.3l is related to the very dehcate problem of determining whether the difference d = il2 — 2 
on riS*^""*"^ is null homotopic after some number of loops, which would imply that the degree 2 map 
induces multiplication by 2 on homotopy groups. It is known C, §11] that d is null homotopic if and 
only if n G {0, 1,3}, which are cases related to the existence of an element of Hopf invariant one, 
and ild is null homotopic if and only if there exists an element of Arf invariant one in 7r4„+i(S''^"+^). 
On the other hand, in [CJj it is shown that for certain values of n the difference il'^d is essential for 
large values of k. Possibly properties of the map S' in Theorem 11.21 will help give more information 
about il^d. 

The second preliminary result concerns the fiber Wn of the double suspension 
In what follows we will need to know that the 4*''-power map on ilW2n is null homotopic. We show 
this is the case for all QWn- This uses a factorization of the 4*''-power map on il^S'^"^^ through E"^ 
which is of interest in its own right. 

Theorem 1.4. There is a homotopy commutative diagram 

^25.2,1+1 ^ g2n-l 

4 E^ 
n25'2n+l = J725.2n+1^ 

A weaker version of Theorem II .41 with one more loop was proved in [Cl §5]. 

In [B-R] it was shown that the 4*''-power map on il^Wn is null homotopic, implying that 
4-7r, (W„) = 0. This is best possible in the sense that the 2"''-power map on fl^Wn is known 
to be essential. We improve this by removing one loop. 

Theorem 1.5. The A*''' -power map on ^IWn is null homotopic. 

Since Wn is homotopy equivalent to QBWn, it is an _ff-space. It would be interesting to know 
whether the 4*''-power map on Wn is null homotopic. 

This paper is organized as follows. The first preliminary result, Theorem 11.21 is proved in Sec- 
tions [5] and [31 The precursor to the second preliminary result, Theorem ll.4[ is proved in Section [H 
while the second preliminary result itself, Theorem 1 1.5) is proved in Section O With these in hand. 
Theorem 11.11 is outlined in Section [6] with some details deferred to Section [71 

2. The fiber of the reduced diagonal 

The context in which Theorem 11.21 is proved involves the fiber of the reduced diagonal, applied 
naturally to the map S" £75*"+^. Let A : X — > X x X he the diagonal map. Composing with 
the quotient map X x X — > X A X gives the reduced diagonal A : X — > X A X. The map A is 



natural for maps X 
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Y and induces a natural homotopy fibration sequence 



Q.{X ^X) — > F{X) 



X 



X AX. 



Here, the fiber F{X) is defined specifically as the topological puUback of A and the evaluation map 
P{X AX) — > X AX, where P{X A X) is the path space on X AX. 

In the special case when X = flS"^^, Richter [R] showed that there is a homotopy commutative 
diagram 

H 



(2) 



A 



i+a(-i") 



for some map a. An explicit choice of the map a was described in fR', but we will not need this. 
We only care that there is some choice of a that makes the diagram homotopy commute. Let G^"'^^ 
be the homotopy fiber of 1 + fi(— 1"). Observe that when n = 2m then 1 + ri(— 1") = 2 and so 
Q4m+i ^ fJ5'4m+i{2}. whcu n = 2m - 1 then 1 + Sl(-1") = 1 + and by ;C, §4] the latter 

is homotopic to fl2 — 2. Thus G^m-i homotopy equivalent to the space D^™-! defined in the 
Introduction. Taking vertical homotopy fibers in ([2]) gives a homotopy commutative diagram 

/ 



(3) 



F{ns' 



G 



2n+l 



H 



for some map / of fibers. 

Now consider precomposing with the suspension S^' 
diagonal gives a homotopy commutative diagram 



f25"+^. The naturality of the reduced 



F(E) 



S' 



'2n 



2n+l 



Juxtapose this diagram with Since H o E is null homotopic, so is the composite F{S 



F{nS^ 



Q2n+i — , rpj^yg foF{E) lifts to tlic homotopy fiber of 02"+! — > nS^"'+\ 



giving a homotopy commutative diagram 



F{S") 



(4) 



F{ns 



F{E) 
2n+l\ 



for some map g. We wish to analyze (|4]) after looping. 
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Since 5" is a co-H space, its reduced diagonal is null homotopic, and so F{S") ~ 5" x 57(5"AS'"). 
Let gi and 52 be the restrictions of ^ ^^8^'"-+^ to S*" and ^2(5" A 5") respectively. After 

looping, niultiplicativity implies that fig is determined by the restrictions flgi and il.g2- Since G^""*"^ 
is (2n — 2)-connected, gi is null homotopic. Thus fig factors through flg2, which we state as follows. 

Lemma 2.1. There is a homotopy commutative diagram 

Q7T2 

flg2 

ng 

where 7r2 is the projection. □ 

3. Projective planes and the proof of Theorem 11.21 

We begin with two general results in Theorems 13.11 and 13.31 The first is due to Milgram [M] . To 
state it we first need to define several spaces and maps. Let X be a simply-connected space. Let 
II* : 'SflX A fix — > 'SflX be the canonical Hopf construction. This induces a homotopy cofibration 
Y,flX AflX ^ j:flX PP{flX) Y.^flX A fix which defines the space PP{flX) and the 
maps i and p. The space PP{flX) is called the projective plane of flX. To analyze PP{flX) more 
closely Milgram gave an explicit point-set model. Using this he was able to prove a factorization 
of the reduced diagonal PP{flX) ^ PP{flX) A PP{flX), which is stated in Theorem O The 
model comes equipped with a canonical extension of the evaluation map ev : "EflX — > X to a 
map ev : PP{flX) — > X. Let r : HA A B — > A A Ei? be the map which switches the suspension 
coordinate. 

Theorem 3.1. There is a factorization 

PP{flX) T?flX A fix ^^^-^ Y^flX A llflX 

A 

PP(flX) A PPiflX) : PP{flX) A PP{flX). 

Moreover, this factorization is natural for maps X — > X' . □ 

The naturality of the reduced diagonal gives a commutative diagram 

PP{flX) PP{flX) A PP{flX) 



X ^ X AX. 

Combining this with the commutative diagram in Theorem 13.11 and using the fact that eU o i ~ ei; 
immediately gives the following. 
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Corollary 3.2. There is a homotopy commutative diagram 



pp{nx) — ^U- j^2^x A nx ^nx a j:nx 



X 



X AX. 



Moreover, this diagram is natural for maps X 



X'. 



□ 



Theorem 13.11 was referred to by Richter [R] as the basis of an alternative proof of his results, 
which we have stated in CoroUarv 11.31 No details were given, and it may or may not be the case 
that the alternative proof went along the lines presented here. 

The second general result concerns Peterson and Stein's PS formulas for secondary cohomology 
operations, which was reformulated in terms of spaces by Harper [H, Ch. 3]. Suppose there is 

s t 

a sequence of maps A — > B — > E — > D. Let C and M be the mapping cones of s and t 
respectively. Let F be the topological fiber of t, that is, the puUback of t and the path-evaluation map 



P{D) — > D. Suppose there is a homotopy H : Bxl 
and B — > C — > D. Then the following holds. 



D between the composites B — > E 



D 



Theorem 3.3. There is a homotopy commutative diagram 




B ^ C ^ SA 



E ^ D 



M 



where the map c is homotopic to the adjoint of b o a. 



□ 



Remark 3.4. The construction in [fT, Ch. 3] is natural for a strictly commuting map of sequences 




which is compatible with the homotopies H : B x I — > D and H' : B' x I — > D', that is, such 
that do H ^ H' o {b X I). 
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In our case, apply Theorem l3.3l to the homotopy commutative diagram in Corollary 13. 21 to obtain 
a homotopy commutative diagram 



pp{nx) ^-^nx A nx — — ^ s^rix 



(5) 



{evAev)oT,T 



F{X) - 

b 

nc{x) 



X 



X AX 



CiX) 



where C{X) is the mapping cone of A, F{X) is the topological fiber of A, and c is homotopic to 
the adjoint of 6 o a. Further, the naturality statements in Corollary 13.21 and Remark l3.4l imply that 
this diagram is natural for maps X — > X' . 

We will use ([5]) in two ways. First, the naturality property applied to the map 5*" ilS"^^ 
gives, in particular, a homotopy commutative diagram 



(6) 



SOB 



F(E) 

F{ns"+^). 



Combining this with material in Section [2] gives a homotopy commutative diagram 



(7) 



nF{E) 



nF{ns''+^) 




no. 



Here, the left square homotopy commutes by the naturality of the suspension, the middle square is 
due to ©, the right square to (g]), and the upper triangle to Lemma 

The second way in which we use ([5]) is show that the composite ° ^7^2 ° ^o, o E along the 
top in dH) is homotopic to a composite f^S*" rJS'^"-! rj^S'Zn+i f^j. 

a map h which is an 

epimorphism in homology. Doing so will let us conclude Theorem 11.21 

We begin with some general observations. The adjoint of a map s : Y,A — > B is homotopic to 
the composite A VtYiA QB. Taking the adjoint of the right square in ([5]) gives a homotopy 
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commutative diagram 



^nx A nx — ^ n{j:^Qx a qx) ^ n^^nx 



(8) 



He 



0(eiiAet;)oOSr 

n{x AX) ^ ficix). 

Consider both directions around the diagram. The naturality of E imphes that the upper direction 
around ([8|) is homotopic to flc o E o fj,* . But flc o E is homotopic to the adjoint of c, and we know 
from ([S]) that the adjoint of c is also homotopic to boa. Therefore the upper direction around ([8]) 
is homotopic to the composite 

(9) j:nx Anx j:nx f{x) nc{x). 

On the other hand, in Lemma 13.51 we show that in the special case X — T,Y the lower direction 
around ([5]) is homotopic to a composite 

(10) sr^sr A r^sr ^ r a sy r2(sy a sr) — > nc{j:Y) 

for some map e. 

Lemma 3.5. Suppose X is a suspension, X — Ey. Then there is a homotopy commutative diagram 

Ei7sy A f^Ey -^-^ f7i]y a Eiisy — ^ n{Y.nY.Y a Er^Ey) 

Q,{evAev) 

y A Ey ^ f^(Ey a sy). 

Proof. First observe that the Hopf construction can be used to obtain a homotopy equivalence 

Ey V (Ey A i7Ey) ^-XlEE^ sy v (Ei7Ey a nT,Y) . Ei^Ey. 

This can be applied to fiEy A EfiEy by decomposing the right smash factor, then switching the 
suspension coordinate to the left smash factor, and decomposing again. From this we obtain a 
homotopy equivalence 

e : (y V Ey) V (y A i7Ey a sy) v (y a Ey a fisy) v (y a fisy a sy a fisy) — > n^Y a E^Ey 

where the first wedge summand maps in by i? A Y.E, the second maps in through fi* A I, the third 
maps in through 1 A /i*, and the fourth maps in by either /i* A 1 or 1 A /i* (the "1" here refers to the 
identity map on QTiY). Thus to prove the Lemma it is equivalent to show that Q{ev A ev) o _E o e is 
null homotopic when restricted to the second, third, and fourth wedge summands. 

We will use the homotopy fibration Ef7Ey A nY.Y EfiEy Y, due to Ganea [Ga]. The 
naturality of E implies that the composite 

r^Ey V (ErjEy a r^Ey) r^Ey a ErjEy ^ n{j:nj:Y a EOEy) n{^Y a Ey) 
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is homotopic to fl(ev A ev) o A fi*) o E. But the latter is null homotopic as ev o /i* is null 

homotopic. Thus Q[ev A ev) o E o e is null homotopic when restricted to the second and fourth 
wedge summands. Similarly, if the suspension coordinate is switched to the left smash factor, then 
n{ev A ev) o E o is null homotopic and so fl{ev A ev) o o e is null homotopic when restricted 

to the third (and fourth) wedge summand. □ 

Using the homotopies in ([9]) and (fTO]) to replace the upper and lower directions in ^ when 
X = Sy, we obtain a homotopy commutative diagram 



(11) 



r Asy 



r^sy A Ey 



F{Y.Y) 



r2C(sy). 



Since Sy is a suspension, the reduced diagonal Sy — > J^Y A Sy is null homotopic. Therefore 
there are homotopy equivalences F{Y.Y) ~ Ey x n{j:Y A Sy) and C{Y.Y) ~ E^y V (Sy A Sy). 
Further, the projection of il(Ey A Ey) off i^(Ey) can be chosen to be the composite F^EY) — ^ 



nc{T,Y) 



(12) 



proj 



r2(I]y A Ey). Thus pT|) implies that there is a homotopy commutative diagram 

^ F(Ey) 



E17Ey A nT.Y 



Er2Ey 



f7(Ey AEy) 



y AEy 

Now we return to the case of interest. Take Y = 5"^^ in (fT2|) and combine it with the factorization 
in Lemma |2. II to obtain a homotopy commutative diagram 



f7(E175" A 175' 



(13) 



f7(S' 



A ES""-! 



0F(5") - 
f72(5" AS"') 



ng2 



Two adjustments can be made to (|13p . First, since 92 is degree one in i?2ri-2( ), the composite 
g2 o E is homotopic to E^. Second, since the homotopy fibration EfiS'" A ilS*" E175" S*" 



has a section i : S" 



EriS*" given by including the bottom cell, there is a homotopy equivalence 



nS"" X 17(E175" A rJS") ^^^^ 17E175" x 17E175" 17E175" 
where is the loop multiplication. By connectivity, the composite aogoi is null homotopic, so after 



looping, Qg o ila is homotopic to the composite n'SnS^' 



n{j:ns''^ a ns'^) 



i2{goaoij,* ) 



^3^2„+l 



where it2 is the projection. Combining (|13p and the two adjustments we have homotopies 
rig o fla ~ fig o fla o flji* o 712 — flg2 ° o fie o 712 ~ o fie o 7r2. 
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That is, there is a homotopy commutative diagram 



ni:ns" — ^^^^ r!F(5") n^s^''+^ 



(14) 



ns 



2n-l ^ j-j3^2n+l 



Finally, precompose (fT5)) with ilS*^" — > r^Er^S*". Let /i be the composite 

A homology calculation shows that ft.* is an epimorphism. Thus a Serre spectral sequence calculation 
shows that the fiber of h has homology isomorphic to and so is homotopy equivalent 

to S"^^. Incorporating h into (|14p and reorienting, we obtain a homotopy commutative diagram 



(15) 



f7F(5") 



Proof of Theorem Put (fT5|) together with the lower rectangle in ([7]) to obtain a homotopy 
commutative diagram 



(16) 



^5" 



f2SOB 



nF{E) 



i7F(r25'"+i) 



a/ 



When n = 2m, let be the composite flf o fJa o E along the bottom row, and when n = 2m — 1 
let S' be the composite ftf o ila o E along the bottom row. Then the outer perimeter of (fT6|) gives 
both diagrams asserted by the theorem. □ 

4. Factoring the 4*''-power map on fJ^S'^"^^ through the double suspension 

In this section we prove Theorem 11.41 We begin by recalling H^{ilS^"^^{2}). Consider the 
homotopy fibration sequence 



2 Q2n+1 



Since 2, is zero in homology, the Serre spectral sequence converging to H^{nS^"^^{2}) collapses 
at E2, and so there is a coalgebra isomorphism i?*(riS'2"+i{2}) ^ iJ,(r252"+i) ® H^Q'^ 8'^"+^). 
Recall that H,{nS^"+^) ^ Z/2Z[a2„] and i7,(l]25'2"+i) ^ (0,^iA(62.„_i)) ® (®,^2Z/2Z[c2.„_2]), 
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where /362i„_i = C2i„_2 for i > 2. Further, the inclusion of the bottom Moore space P^"(2) — > 
fiS'2"+i{2} impHes that /?a2„ = h„-i in iI*(OS'2"+i{2}). 

Lemma 4.1. There is a space A and a map E: A — > ilS'^"+^{2} such that H^{A) = A(x2n-i, i/2n) 
wii/i l3y2n = a;2n-i, -E* is an inclusion. 

Proof. Let Y = (f2S'^"+^{2})4„_i. A vector space basis for -ff*(F) is given by 

{&2n-l, 0271, C4n-2, &4n-l, &2n-l (8l a2n} 

and the action of the Bockstein is given by (3a2n = &2n-i and ^bin-i = C4„_2. Let Z be the 
quotient space obtained by pinching out the bottom Moore space P^"(2) in Y. A vector space 
basis for Hi,{Z) is given by {d4„_2, e4„_i, /4„_i} where these three elements are the images of 
C4n-2, &4n-i, &2n-i ® a2n respectively. In particular, (ie^n-i = c?4n-2- For low dimensional reasons, 
the homotopy type of Z is determined by its homology, so Z ~ P^"~^(2) V 5^"~^. Pinching to 
the Moore space gives a composite Y — > Z — > P*"~^(2) which is onto in homology. Define the 
space F by the homotopy fibration 

F -^Y — >P^"-i(2). 

Let A be the [An — l)-skeleton of F. A Serre spectral sequence calculation shows that 

has vector space basis {x2n-i,y2n, Z4n-i} where sends these three elements to 6271-1,^271, and 

b2n-i 'S> a2n respectively. Since is a coalgebra map and commutes with Bocksteins, we obtain a 

coalgebra isomorphism H^{A) = A{x2n-i,y2n) with (3y2n = 2^271-1. Moreover, by construction, the 

composite 

E:A= {FUn-i ^F^Y= {ClS^^+^{2})4n-i ClS^'^+H'^}- 
is an inclusion in homology. □ 

Lemma 4.2. There is a homotopy fibration — > A — > 5^" and a homotopy fibration diagram 

g2n-l ^ ^ ^ g2n 



E 



E 



Q2g2n+1 ^ f2S'2"+l{2} ^ 

Proof. Since A lias dimension An — 1, the composite A r2S'2"+^{2} — > 175^"+^ factors through 
the {An — l)-skeleton of 115^"+"'^, which is S*^", giving a map / : A — > 5*^" which makes the right 
square in the statement of the lemma homotopy commute. Since is an inclusion, /* is onto. A 
Serre spectral sequence calculation shows that the homotopy fiber of / has homology isomorphic to 
HttiS"^"^^^) and so the fiber is homotopy equivalent to S'^"^^. Again, since E-^, is onto, the induced 
map of fibers 5271-1 — ^ ^^2^271-1 jg jegj-gg one in H2n-i{ ) and so is homotopic to E'^ . □ 
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Let Oa ■ ^15*2" — > 5*2" ^ be the connecting map for the homotopy fibration S"-^" ^ — > A — > 5*^". 
Continuing the homotopy fibration diagram in Lemma 14.21 one step to the left proves the following. 

Corollary 4.3. There is a homotopy commutative diagram 



^2^2n+l 



E^ 

r!2 5'2"+l. 



□ 

Proof of Theorem\r^ By fC", §4], the composite f22 5'2n+i rj^S^"^! ^ rj25"*"+i is null 
homotopic, so there is a lift of 2 through Q,E to a map ^'^S^'^''^^ — > $75*2". Combining this with 
Corollarv l4.3l gives a homotopy commutative diagram 



2 c2ri+l 




nE 



f^2^2„+l 



Oa 



f^2^2n+l 



which proves the theorem. 



□ 



Remark 4.4. The space A is similar to the unit tangent bundle t{S'^"). They both have the same 
homology over the Steenrod algebra, and both are total spaces in fibrations over 5^" with fiber 
^2n-i^ It would be curious to know whether A is homotopy equivalent to t(S'2"). 

5. The 4*''-power map on QWn 

In this section we prove Theorem 11.51 To do so we will use Theorem II .41 and CoroUarv 11.31 along 
with several other known results collected in Theorems 15.11 and 15.21 

For r > 1, let T : 5^"+! — > S^^^+i be the map of degree 2'', and let S'2"+i{2'^} be its homotopy 
fiber. Let 2'': nS^''+^ ^ nS^''+^ be the 2''-power map, and let f7S'2"+i{2'~} be its homotopy 
fiber. Note that the 2''-power map need not be an H-space so f2S'2"+i{2''} need not be an 77-space. 
Theorem 15.11 summarizes some of the information from [C, §4] regarding the difference 0.2^ — 2''. 

Theorem 5.1. The following hold: 

(a) the composite nS^''+^ ^ l^S^^^+i n'^S'^'^+^ is null homotopic; 

(b) after looping, — S*" has order 2, and there are homotopies 2'"+^ ~ 2VP2J' ~ 

□ 
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Next, from the double suspension we obtain a homotopy fibration Wn — > 5^"^^ — > fi^5^"+^ 
which defines the space Wn- Gray |Grj showed that Wn has a classifying space BWn which fits 
nicely with the iJiJP-sequence. Specifically, he proved the following. 

Theorem 5.2. There are homotopy fibrations 



BWn 



2 c4n+l 



satisfying the following properties: 

(a) the composite 17^5*^"+^ BWn 17^5'^"+^ is homotopic to the looped Hopf 
invariant flH ; 



(b) the composite 



Q2g4n+i — ^ g4n 1 homotopic to the degree 2 map; 



(c) the composite BWn ^ n^S^'^+^ is null homotopic; 

(d) after looping, J7^S"*"+^ fiS***"^^ is homotopic to the composite 



OP 



□ 



Proof of Theorem \1.5[ - The proof is divided into two cases, one for ^W2n and the other for riW2n-i- 
Case 1: J7W2n- Consider the homotopy fibration sequence 

where the left map has been identified as a loop map by Theorem 15.21 By Theorem 15.21 (b), the 
degree 2 map on S"'""^ factors through E^, so the composite W2n — ^ S"*"^^ S"*"^^ is null 
homotopic. On the other hand, after looping we have 2oilg ^ Q,g o 2. Thus (172 — 2) o fig ^ -~2flg. 
By Theorem O (a), o (f22 - 2) ~ *. Therefore H o i~2ng) ~ *, and so -2ng lifts to the fiber 
of H to give a homotopy commutative diagram 



(17) 



for some map A. 

Next, consider the diagram 



nw2n 

X 

Mji-2 



nw2n 

ng 



4n-l 



4n-l 
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The left triangle homotopy commutes by Corollary 11.31 The right square homotopy commutes 
since riv is a loop map. The bottom row is two consecutive maps in a homotopy fibration and so is 
null homotopic. Thus 2 o flv ~ *, implying that there is a homotopy fibration diagram 



(18) 



nW2n 
2 

nw2n 



ilE^ Civ 



nW2n 



2 

W2„ 



for some map 7. 

Juxtaposing p7|) and the left most square in (fTS)) gives a homotopy commutative diagram 



nw2n 

X 



nw2n 



nw2n 



s- 



An-2 



4ji-l 



2n- 



The lower row is null homotopic since ^lW2n is (8n — 5)-connected. Thus —4 is null homotopic on 
riW^2„, and so 4 is null homotopic as well. 

Case 2: r2W2n-i- In this case we do not have a factorization of the degree 2 map on S'^'^~^ through 
the double suspension as we did for S"'"^^ in Case 1, so we have to work harder. We begin with 
some general statements which are valid for any Wn- Since the map Q?S'^"'^^ — => f2^S'^"+^ is degree 
two on the bottom cell, there is a homotopy fibration diagram 



(19) 



Wn 



9 



n^2 



S' 



'2n-l 



f^2^2n+l 



for some map V'- We will show that ■0 o -0 is null homotopic using an argument due to [CMNlj . 
By Theorem [511 (b). ri^4 ~ 4 as self-maps of r2^S'^"+\ and by Theorem [Ol the 4*'*-power map on 
j-^2^2n+i factors through the double suspension. Thus the two fibration diagrams 



Wn 



Wn 



Wn 



g2n-l 
2 

g2n-l 
2 

Q2n~l 



f^252„+l 

0^2 
^2^2n+l 

n=2 

j^2^2„+l 



Wn 



Wn 



4 



2n-l 



^2ri-l 



g2n-l 



^252«+l 



give two choices of a morphism of homotopy fibrations which covers the 4*''-power map on ri^S'^"+^. 
The obstructions to the two morphisms being fiber homotopic lie in //^""^(S*^"^^; TT2n-i{Wn))- But 
'^2n-i{Wn) = by connectivity, so the obstructions vanish. Hence -0 o -0 ~ 
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Now specialize to Win-x- We proceed for a while as in Case 1. From we have il2 o Jig ~ 
f2(7 o Sl^/;. On the other hand, we have 2 o fig ~ fig o 2. Substracting then gives a honiotopy 
commutative diagram 



S12-2 



ns 



4n-3 



By Theorem O (a), H o {^2- 2) 



*. Therefore H o o {Qij; - 2) ~ i7 o (172 - 2) o ~ *, and 
so ilg o (O^/; — 2) lifts to the fiber of H to give a homotopy commutative diagram 

SI -0-2 



(20) 

for some map A. 

Next, consider the diagram 



X 

j4n— 4 _ 



4n-3 



3 c<4n-l 



ns 



4n-3 



3 0471-1 



W2n-l 
M^2„-l. 



The left triangle homotopy commutes by Corollarv ll.3l The right square homotopy commutes since 
Q,v o 2 ~ 2 o Vlv and, from (jl9[) . Q,v o ri'^2 ~ ?/; o fli^. The bottom row is two consecutive maps in 
a homotopy fibration and so is null homotopic. Thus (■(/; — 2) o ilj ~ *, implying that there is a 
homotopy fibration diagram 



^9 QE^ 
^ flS"*"-^ ^ fl35.4n-l 



(21) 



nW2. 



W2n^l 

■0-2 

W2n-1 



for some map 7. 

Juxtaposing the leftmost squares in ()20l) and (I2ip gives a homotopy commutative diagram 

SlV'-2 J2-0-2 
nW2n-l ^ nW2n^l ^ ^W2n-1 



^4n~4 



fig 



4n-3 



The lower row is null homotopic since ^lW2n-i is {8n — 9)-connected. Thus {ftip — 2) o — 2) 
is null homotopic. Distributing, ilf/; o ilip — Aftip + 4 is null homotopic. We have already seen that 
ip o ijj is null homotopic, so if we can show that Aflip is null homotopic then the 4*''-power map on 
^W2n~i is null homotopic and we arc done. 
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It remains to show that Aflijj is null homotopic. For this we use another obstruction theory 
argument. By Theorem [521 (d), there is a homotopy puUback 



np 



^2n-l 
E 

H 



4n-l 



in -I 



The composite 5^ 



QS 



nS^" is homotopic to the composite S*^ 



US . Thus the fibration diagrams 



Wn 



2 

g2n-l 
E 



OP 



2n 



nE 



^2^2„+l 



f^2^2„+l 



^2^2„+l 



— 

2 

f^3^4n+l 



UP 



UP 



E 
2 



2n 



OB 



nE 



^252n+l 



^2^2„+l 
2 

^2^2n+l 



give two choices of a morphisni of homotopy fibrations which covers the 2"''-power map on H.^S^"'^^. 
The obstructions to these morphisms being fiber homotopic lie in 7r2„-i(ri^5"'"+^)). 
Since 7r2„_i(il^5'*"+^) = by connectivity, the obstructions vanish. Hence H.i' o -0 ~ 2 o fti/. By 
Theorem 15.21 (c). 2 o fti/ is null homotopic, so there is a lift 



ill 



for some map I. The connecting map for the fibration along the lower row is fJ^t/). By Theorem l5.2l (b). 
(j)o is homotopic to the degree 2 map on S"^"^^. Thus fii o $1^2 is null homotopic. Now multiply 
by 2. By Theorem O (b) , 4 ~ 217^2, and so 4f7i ~ 2{m o fj22) is nuU homotopic. Thus fii has 
order 4 and so 4 o -0 is null homotopic. Hence A^il) is null homotopic, as required. □ 

6. The construction of the space ^^"+1(2' ) 

In this section we prove Theorem 11.11 deferring some details to later. We begin by defining a 
space and determining some maps which will establish the context in which to work. 
Define the space Y and the map t by the homotopy fibration 



{2} 



where S is the map appearing in Theorem 1 1.21 
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Lemma 6.1. There is a homotopy fibration 5^" ^ -i- Y ^W2n for some map g, with the 
property that the composite S"^"^^ Y — ^ $7^5*^"+^ is homotopic to . 

Proof. The left diagram in Theorem 11.21 impHes that there is a homotopy pullback diagram 

Y ^ ^S'^ 



:*2n ^ ^3 ^2n+l 



Y 



^2^2n+l 



^2^4n+l = r!2^4n+l^ 

The fact that Y is the homotopy fiber of the composite UE^ o h impUes there is a homotopy fibration 



diagram 



2n-l 



Y 



-i2ri-l 



■2n 



UE^oh 



f^354„+l 



nW2n 



UE^ 
j^3^4„+l 



which defines the maps / and g proves the existence of the asserted homotopy fibration. Since t is 
degree one in i/2n-i( ), so is t o /, and so < o / ~ iJ^. □ 

Remark 6.2. At odd primes one can do a Uttle better. The corresponding map fl^S^"~^^ — > 
^2^2rip+i|p| jg known to factor through a map BWn 17^5'^"^+^ {p} whose homotopy fiber is 



^Wnp, which implies there is an analogous homotopy fibration S 



2TI-1 



Y 



flWnp. Such a 



factorization of 5 is not known at the prime 2, but Lemma 16. II says that the homotopy fibration 
for Y exists for other reasons. 



The idea behind the proof of Theorem II. II is to find successive lifts 

^252„+l 



(22) 



^2n-l 




where £i exists for r > 2 and £2 exists for r > 3. The two lifts are constructed as consequences of 
certain extensions. 

To describe how ii comes about we need to introduce several new spaces and maps. The Moore 
space p2n+i^2'") is the homtopy cofiber of the degree 2^ map on 5^". Consider the pinch map 
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p2n+i(2'-) ^ 52«+i Qj^^Q ^Yie top cell. This factors as the composite p^^+^T') S^''+^{r} — > 
g2n+i -^^j^gj-g j jg ii^Q inclusion of the bottom Moore space. The factorization determines a homotopy 
pullback diagram 

E ^ F ^ l^S'^'i+i 

(23) E ^ p2n+l(2r-) 52"+l{2'-} 

q 

q2n+l — c2n+l 



which defines the spaces E and F and the map z. Taking vertical connecting maps gives a factor- 
ization of nOJ" on riS'2"+i through i. This induces an extended homotopy pullback diagram 



(24) 



which defines the map Be- In [T] it was shown that in the analogous odd primary case there is an 
extension 



^2^2«+l 



E 



A 



^2^2«p+l|p| 



for some map ei. However, such an extension cannot exist in the 2-primary case due to an obstruction 
of order 2, as will be described in Section [71 Instead, we have to modify by introducing an extra 
factor of 2. 

Let i be the composite i: F — > $75*2"+^ — => $75*2"+^. Define the space E by the homotopy 
pullback diagram 



E 



E 



F 



f7S'2"+i{2} 



S12 



■2n+l 



ns 



2)1+1 
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To see the effect on Oe, observe that the factorization of the map E — * F through E implies there 
is a homotopy puUback diagram 



E 



F 



F 



r252"+i{2''} 



which defines the map d-p. We prove the foUowing. 



Proposition 6.3. Ifr>2, there is an extension 



9-E 



^25.4„+l|2} 



for some map e\. 



The proof is a modification of [T, 2.1] and will be described more fully in Section [T] In ([24]) we 
saw that Oe factors through f7S'2"+^{2''}. The switch to E has the effect of factoring d-^^ through 
^^2n+i|2r+i|_ ^j^jg^ observe that the factorization of r2S'2"+i ^ rJS'2"+i through i in ^ 

together with the extra copy of $12 in the definition of i implies that there is an extended homotopy 
pullback diagram 



(25) 



^2^2n+l 



^2^2„+l 



fjp2»+i(2'' 



f^5.2„+l|2r+l} 



E 



02'-+i 



F 



which defines the map lo. Note that the restriction of u> to the bottom Moore space P'^^(T') is degree 
one on the top cell and degree 2 on the bottom cell. 

Making use of the factorization of 9-g through il5^"+^{2''+^}, let e\ be the composite 



s'l : fl52"+i{2''+i} -^E^ ll"54"+i{2}. 
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Then Proposition 16.31 implies that there is a honiotopy commutative square 



s 



This square determines an extended homotopy puUback diagram 



ei 



Y 



X 



(26) 



which defines the space X and the maps qx and £i. In particular, by Theorem 15.11 (b) we have 
j-^22'+i ^ 2''+^, and so £i is a choice of a lift of the 2''+^-power map with the additional property 
that it is a connecting map of a homotopy fibration. 

Further, the factorization of e'l through E determines a homotopy puUback diagram 



f7p2"+i(2'-; 



X 



(27) 



f7p2"+i(2'-) — ^ f7S'2"+i{2''+i} 



f7254"+i{2} ^= f72S'4"+i{2} 

which defines the space R and the map ojx ■ Note that the factorizations of uj in (P7|) and ([^S]) imply 
that the composite rjp2«+i(-2'-) ^ ^ ^ 1752"+i is homotopic to Qq. 

Consider the homotopy fibration Y — > X flS^"^^ and the map Y — ^ ^^W2n from 

Lemma 16.11 



Proposition 6.4. //?- > 2, t/iere is an extension 



Y 



X 



nw2n 



for some map ei- 



Proposition 
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implies that for r > 2 there is an extended homotopy puUback diagram 
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2 c2n+l 



(28) 



f 

^ Y - 



rp2n+l (2^+^ ) 



X 



np 



nw. 



which defines the space y2n+i^2''+i) and the map £2- 



np 



Proof of Theorem The top row in (|28[) is the asserted homotopy fibration, which exists if 
r + 1 > 3. Relabel £2 as tpr- AH that is left to check is that (pr has the property that o 
is homotopic to the 2''+^-power map on il^S'^"+^. This follows from juxtaposing the squares of 
connecting maps in (j26p and (|28p . giving a homotopy commutative diagram 



^2 52„+l 



^2^2„+l 



f^2^2n+l 



g2n-l 
f 



Y 



Q2g2n+l^ 



and noting that by Lemma [67T] the composite t o / is homotopic to E^. 

7. Deferred proofs 



□ 



Two stumbling blocks arise when adapting the odd primary extension of S through ds in [Tl 
Prop 5.1] to the 2-primary case. One is minor and one is major. 

The minor stumbling block is that 5''^"+ ^{2' } is almost never an iJ-space while in the odd primary 
case S^'^^^Ip^} is always an if-space. This was used to show that certain Samelson products on 
r2P^"+^(p'') compose trivially into ilS^^^^lp"^}. To recover this in the 2-primary case we have to 
argue differently. In general, suppose we are given maps a: P''{2^) — > ilX and b: P*(2'') — > ilX. 
If r > 2thenthe smash F''(2'') AF*(2'') is homotopy equivalent to the wedge P''+*(2'^) VF"+*"i(2^). 
This lets us form the mod-2'" Samelson product of a and b as the composite 

(a, b) : P'+'{2'') P\r) A P*(2'') M ^IX 

where [a, b] is the ordinary Samelson product of a and b. In our case, let v. p2"(2'') — > 51P^"+^(2'') 
be the adjoint of the identity map and let /i: 5^"^^ — > f2P^"+-'^(2'') be the inclusion of the bot- 
tom cell. Let aVp = fi, ad^ be the ordinary Samelson product [i^, /i], and for j > 1 let ai)^^^ : 
p2nj-i^2'^-^ — ^ f2p2"+i(2'') be the mod-p'' Samelson product defined inductively by ad^^^ = 
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Lemma 7.1. Let r>2. For j > 1 the mod-T' Samelson products p^^i-^{2') nP^''+\2'') all 
compose trivially with the map r2p2»+i(2'-) f]S'2"+i{2'^}. 

Proof. Since fii is a loop map we have fli o aJi'^"^ ~ {fti o i/^ili o aO'"'^^). Thus if fli o ad^ is null 
homotopic then iteratively so is Hi o ad''^^ for each k > 2. To show fli o ad^ is null homotopic 
it is equivalent to adjoint and show that the mod-2'' Whitehead product P'*"(2'') -'^ p2n+i^2'') 
composes trivially with p2n+i(2'-) _L, S'2"+i{2'-}. 

From the homotopy cofibration S'2"+i 
diagram 



■2n+l 



. 52ri+i — ^ p2n+i^2'') wc obtain a homotopy fibration 

^2n+l|2'-} 



S' 



2n+l 



^2n+l 



np 



2n+l/ r 



{S^ 



np 



2n+l /or 
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P 



2n+l Inr 



(2'' 



which defines the map 7. The left square implies that 7* is degree one in H2n{ ), and so the 
Bockstein implies that 7* is the identity on the bottom Moore space. That is, the composite 
p2n+i(2'-) ^ S'2"+i{2''} ^ 17P2"+1(2'-) is the inclusion of the bottom Moore space and so it 
is homotopic to the suspension E. Any Whitehead product suspends trivially, so E' o aO is null 
homotopic. We claim that 7 is a homotopy equivalence on 4n-skeletons, in which case i o at) is null 
homotopic and we are done. 

It suffices to show that 7* is an isomorphism in mod-2 homology when restricted to 47i-skeletons. 
The Serre spectral sequence for the homotopy fibration ilS'2"+i — > S'2"+i{2''} — > 5*2"+^ col- 
lapses, implying that iJ, (S'2"+^{2''}) = Z/2Z[a;] ® A(?/), where the degrees of x and y are 2n 
and 2n + 1 respectively. A basis for the homology of the 4?i-skeleton of 52"+ ^{2'"} is therefore 
{x,y,x^^. On the other hand, since p2n+2j-2r-j jg ^ suspension, the Bott-Samelson Theorem implies 
that i/*(f7p2n+i(2'')) = T{u,v), where T( ) is the free tensor algebra, and u and v have degrees 
2n and 2n + 1 respectively. A basis for the homology of the 4n-skeleton of r2p2"+2(^2'') is therefore 
{u, V, u^}. Since 7 is the identity on the bottom Moore space, we have j^ix) = u and 7*(y) — v. The 
left square in the fibration diagram above also implies that 7*(a;2) — v? . Thus 7* is an isomorphism 
on the 471-skeletons. □ 

The major stumbling block is that to get the inductive argument in ^ 2.1] off the ground requires 
the existence of a homotopy commutative square 



(29) 



^2"-l X r!252„+l 



r!2^2„+l 



j^2^2«+l 
S 

172S'4"+1{2}. 
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The odd primary version, with S mapping to fl^ 3^""^^^ {p} , does commute because it is known that 
S is an iJ-map. The 2-primary version in (j29p docs not commute because it does not even commute 
in homology. To see this, observe that if a; G _ff2n-i('S'^"^^) and a G H2n-i{^'^ S'^"'^^) are generators, 
then {E^ • a) = a^. Note that is the Bockstcin of the generator b e i74„_i(ri^5^"+^). Under 

ilH we have {ilH)^{b) — v, where v e iJ4„_i(r2^5'*"+^) is a generator. Since S* is a hft of flH through 
^25.4n+i|2} JM, fi2g2n+i (^Qg-^^ ^^^^^ j^^^^g g^^f^-^ ^ ^^iere iflS)4v) = V. Now /?tJ is 

nonzero and generates i/4n-2(f^^S'^"+H2})- Thus S^a'^) = pv and so {S o {E^ ■ l))^{x, y) ^ 0. On 
the other hand, if the diagram above were to commute then we would have (5 o (E'^ • l))»(a;, y) = 0. 

To get around this obstruction, we introduce a degree 2 map on 5*^"^^. In Lemma 17.41 we show 
that S o {{E'^ o 2) • 1) does factor as S o ni, and then we use this as the base case in a modified 
induction to prove Proposition 16. 31 

To prepare for Lemma l7.4| we make three preliminary observations. First, in general, if A and B 
are spaces, then there is a homotopy equivalence e: V Ei? V (SA A B) x B) given by 

Sii + Ei2 + J, where ii and 12 are the inclusions of the left and right factors respectively, and j 
is the canonical map of a join into the suspension of a product. If A = B and B = CIX with 
loop multiphcation ^ then the composite ^* : SfiX A ^IX — > x flX) — > Y.nX is the Hopf 

construction on QX and Ganea ,Ga] showed that there is a homotopy fibration TiQX A YiflX 

j:nx ^ X. 

The second observation is a well-known factorization of the 2"'^-power map on f7^5^"+^{2}. 
Consider the homotopy cofibration sequence — ^ P^{2) — ^ S^, where P^{2) is the 
mod-2 Moore space, i is the inclusion of the bottom cell, and q is the pinch onto the top cell. This 
cofibration sequence induces a homotopy fibration sequence 

Map,(^^^2r^+l) ^^^p^(p3(2)^^2«+l) ^^^^p^(^2^^2«+l) ^^^p^^^2^^2«+l)_ 

Since Map^{S^ , S^"+^) = ^^3^"-+^ and 2* is the 2"'^-power map on f^^s-zn+i^ this homotopy fibration 
sequence can be identified with the homotopy fibration sequence 

In particular, Map^{P^{2), S^''+^) = r225.2n+i|2}^ ^nd so the 2"''-power map on n'^S^''+^2} is 
determined by the degree 2 map on P^{2). This factors as the composite P'^{2) — ^ 
P^(2), where 77 is an element of Hopf invariant one. Thus we have the following. 

Lemma 7.2. There is a homotopy commutative diagram 

^2^2„+l|2} 1 ^ r!2^2n+l|2} 
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□ 

The third observation is a consequence of the James construction. Given a map / : -.A — > ^IX, 
the James construction imphes that there is a unique iJ-map / : fiSA — > flX such that f o E f . 
The uniqueness assertion immediately imphes the fohowing lemma. 

Lemma 7.3. Suppose A — D,A' and f is an H-map. Then there is a homotopy commutative diagram 

1 



^A! — 



Now we are ready to prove the modified square. 



nx. 



□ 



Lemma 7.4. There is a homotopy commutative diagram 



(_E^o2)-l 

^2"-! X r!252„+l ^ n2g2n+l 



^2^2n+l 



Proof. The adjoint of the upper direction around the diagram is homotopic to the composite 

X l]252„+i) ^{E'o2yi j.^2^2«+i s ^ f^5'4n+i|2} ^j^ere S is the adjoint of S. 

Precomposing with the homotopy equivalence e: ES'^"-! V Sfi^S-sn+i y (SS^^"-! A ri^S'^'^+i) 
E(5'2"~^ X n^S'^"^^), the assertion of the lemma is therefore equivalent to saying that the restriction 
of ^/loe to the first and third wedge summands is null homotopic. As the restriction to the first wedge 
summand is null homotopic by connectivity, it remains only to show that ip o j is null homotopic. 

Consider the map ^((-B^ o 2) • 1). By definition, {E'^ o 2) ■ I ^ fJ. o {{E"^ o 2) x 1), where ^ is 
the loop space multiplication on 51^5'*"+^ {2}. The naturality of j therefore implies that -0 o j is 
homotopic to 5 o S/i o j o {Y.{E'^ o 2) A 1), that is, to S o ^* o {Y.{E^ o 2) A 1). Now Y.{E^ o 2) A 1 ~ 
{T.E'^ A 1) o (S2 A 1), and S2 A 1 is homotopic to the map of degree 2 on SS'^"-! A il'^S'^'^+K 
Since this is the suspension of the degree 2 map on 5*^"^^ A il^S'^"''"^, the adjoint of -0 o j is 
homotopic to the composite S^"-! Af^^S-sn+i g2n-i /^^2 g2n+i r22S'4"+i{2} where ip' is the 
adjoint of S* o /i* o (Ei?^ A 1). As il^ S'^^''^^ {2} is a loop space, ■(/;' o 2 is homotopic to the composite 

By LemmalLS the 2"'^-power map on n'^ 3'^''+^ {4} is homotopic to the composite n'^S'^"+^{2} ^ 
^2g4n+i JL^ rj35.4n+i — , S'4»+i {2} . Thus 2 o i/>' factors through fid o i/;'. Since t/j' is the 
adjoint of -0, it is homotopic to the composite ill/' o E, which by the definition of ^p, is the composite 
flSoQ^* ofl[Y^E^ Al)oE. We claim that QSoflSofl^* is null homotopic, in which case QSoijy is null 
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homotopic and we are done. To see this, observe that the composite flT,Q,^ S^""^^ 

j-^2^4n+i|2| jg homotopic to S since S is the adjoint of S. Thus fid o is an H-map such that 
(fl6 o QS) o E flH . By Lemma 17.31 this impHes that there is a homotopy commutative square 

OS 



Thus there is a string of homotopies 



ns 



2 c4n+l 



ii6 o fis o ii/i* ~ iiH o riew o ri/i* ~ riH o * ~ 

where Ganea's fibration has been used to show that eu o /i* ~ This completes the proof. □ 

With the stumbhng blocks addressed, we move on to prove Propositions 16.31 and 16.41 
Proof of Provosition lK^ We follow the proof of the odd primary analogue in [Tl 2.1]. The idea is to 
filter E by certain homotopy pushouts and construct extensions iteratively as pushout maps. The 
case of E is carried along to indicate differences, and where modifications arise. 

The mod-2 homology Serre spectral sequence for the homotopy fibration $15'^"+^ — > F — > 
p2n+if^pr^ shows that H^:{F; Z/2Z) is generated as a vector space by elements X2nk in degrees 2nk 
for k > 1. Let Fk be the 2nfc-skeleton of F and observe that there is a homotopy cofibration 
g2nk-i Fk^i — > Fk- Define corresponding filtrations on E and E by homotopy puUback 
diagrams 

Ek-i ^ E E 



k-l 



(30) 



Fk- 



Fk- 



E 



F 



2n+l 



2n+l 



ns 



2n+l 



ns 



2n+l 



Note that Fq = * so E„ ^ n^S^''+'^ and Eq ~ n^S^''+'^. As F ^ limFfc_i we have E = lim£;fe_i 
and E = liin£^fc-i- 

The filtration of E implies by T, 4.2] or [GT|, 2.2] that for fc > 1 there are homotopy pushouts 



s'- 



■2nfc-l 



X n's 



2c2ri+l ^ El. 



k-l 



^2^2„+l 



Ek 



where 7r2 is the projection, 6o — E^ ■ 1, and for fc > 1, 9k-i restricted to 5'2nfc-i jg a lift of the map 
g2nk-i Fk-i- By Lemma [7.11 the argument of [T, 5.1] goes through without change for p = 2 
and r > 1. The outcome is that the lift of gk-i can be chosen to be divisible by 2*", and this is used 
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to show that Ok-i factors as a composite fi-S"*:-! x ^^3^"^+^ ^ s2nk-i ^ J7252n+i 

some map ipk-i- We would hke to extend the map il^S''^"+^ f2^5"'"+^{2} across each Ek by a 

pushout map, but the sticking point is 9o, as (|29l) imphes that it is not possible to extend S across 

El. 

Instead, we replace E by E. Now the filtration of !E imphes by fT\ 4.2] or [GTl 2.2] that for A: > 1 
there are homotopy pushouts 



S 



2nk~l 



^2^2„+l 



Ek-1 



Eh 



where 7r2 is the projection. 



{E"^ o 2) • 1, and for fc > 1, 6k-i restricted to S' 



2nfc-l 



is a lift of the 



map 5'^"'^"^ Fk-i- The presence of 2 in 6q is due to i being of degree 2 on the bottom cell, 
whereas i is degree one. Also, since the map E — > F factors as the composite E — > E — > F, 
the same holds true at each filtration level, so the lift of gk^i to Ek-i can be chosen to be the 
composite 5'2"fe-i — > Ek-i — > -Efc-i, where the left map is divisible by 2^. This can then be 

2^ X 1 

used to show argue as before that for fc > 1, 6k^i factors as a composite S'^ x $7^5*^"+^ - — > 
g2nk-i X j725.2«+i ^ for some map i^^-i- 

When k = 1, Lemma [7.41 implies that there is a pushout map ei : Ei — > il'^5'*"+^{2} which 
extends S. When fc > 1, the factorization of Ok-i through 2'' x 1 where r > 2, together with the fact 
that ri^S''*"+^{2} is a homotopy associative if-space whose 4*''-power map is null homotopic [N] . 
lets us apply [H 4.3] or [GT[ 2.3] to show that for each fc > 1 there is a pushout map : Ek — > 
^2g4n+i^2} which extends ek-i- In the hmit we therefore obtain a map E ^ n^S'^'^+^{2} which 
extends S, as asserted. □ 



Proof of Proposition \6.4\ This follows the proof of the odd primary analogue in [Tj 2.2]. Filter X 
by homotopy pullbacks 



Y 



X, 



k~l 



Y 



X 



Jk{S^^) 



where Jfc_i(5^") is the (2nfc — l)-skeleton of i7S'^"+^, and note that there is a homotopy cofibra- 
tion 5-2"*-! — > J;,_i(52") — > JkiS^"")- Note that MS^") ~ * so ~ y, and as nS'^"+^ = 
lim Jfe(5^"), we have X = limX^. Since TT, 6.1] holds without change for p = 2 and r > 1, the 
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argument in [Tl 7.3] goes through to show that there are homotopy pushouts 

g2nk-l X Y ^ Xk-l 

Y ^ Xk 

where 7T2 is the projection and Sfl^^ j^ restricted to >^ ri^S'^"+^) is divisible by 2^ for each 

fc > 1. Now start with the map Cq : Xq — Y — ^ VtW2n- The divisibihty property of £6*^, ]^, together 
with the fact from Theorem 11.51 that QW2n is a homotopy associative H-space whose 4*''-power map 
is null homotopic, lets us apply [TJ 4.3] or [GT[ 2.3] to show that for each fc > 1 there is a pushout 
map e'f. : Xk — > ^W2n which extends e'k_i, and therefore extends g, as asserted. □ 
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